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1. Introduction
Suppose G is an inﬁnite graph with vertices set V and edges set E . For two distinct vertices x and y, we write x ∼ y
and say that x and y are neighbors, if there is an edge between x and y. For x ∈ V , let dx denote the degree of x, i.e.,
the number of neighbors of x. A path σ , joining vertices x and y, is a sequence x0 = x, x1, . . . , xn = y of vertices such that
xi ∼ xi+1 for any i, where l(σ ) = n is the length of σ . The graph G is said to be connected, if every pair of vertices can be
joined by a path.
In this paper we always assume that G is connected and has uniformly bounded vertices degree d = supx∈V dx < ∞. In
this case, we introduce a distance ρ : V × V → {0}∪N by setting ρ(x, x) = 0 and for x = y, ρ(x, y) = inf l(σ ), where inﬁmum
is taken over all paths σ joining x and y. For vertex q ∈ V and real number R ∈ N, we denote BR(q) = {x ∈ G: ρ(x,q) R}.
Let V R = {u | u : V → R}. The Laplace operator  of graph G is deﬁned by
u(x) = 1
dx
∑
y∼x
(
u(y) − u(x)) for any u ∈ V R.
We say the function is harmonic (resp. subharmonic) if u = 0 (u  0). The square of absolute value of gradient of u is
‖∇u‖2(x) =∑y∼x(u(y) − u(x))2. Please refer to [2,3,8] for further details.
The aim of this paper is to study the Lipschitz property of harmonic functions on graphs. In [5], Koskela, Rajala and Shan-
mugalingam establish the local Lipschitz property of Cheeger-harmonic functions in certain metric spaces that endowed with
a doubling measure supporting a (1,2)-Poincaré inequality and in addition supporting a corresponding Sobolev–Poincaré
type inequality for the modiﬁcation of the measure obtained via heat kernel. For Alexandrov spaces, Petrunin [6] also
proved that the harmonic functions are locally Lipschitz. For Riemannian manifolds whose Ricci curvature is bounded from
below, the local Lipschitz property follows from the Cheng–Yau gradient estimate [1].
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by −1/2. Therefore it is expected that the local Lipschitz property holds on graph. In this paper, we prove that
Theorem 1. Suppose u is a harmonic or positive subharmonic function on G, then for any λ ∈ N, q ∈ V and any a,b ∈ Bλ(q),
∣∣u(a) − u(b)∣∣ 2
3
√
d
[
1
λ2
∑
z∈B6λ(q)
u2(z)
]1/2
· ρ(a,b), (1.1)
where d = supx∈V dx < ∞.
Remark 1. If u is harmonic or positive subharmonic with
∑
z∈V u2(z) < ∞, then u is constant by (1.1).
The paper is organized as follows. Theorem 1 is proved in Section 2. In Section 3, an example is obtained to illustrate
that the global Lipschitz property does not holds for harmonic function on graphs.
2. Local Lipschitz property of harmonic functions
In this section, we will prove Theorem 1. The idea of our proof comes from [7]. Firstly, we introduce the notion of cut-off
function.
Deﬁnition 1. Let q ∈ V and R, r be integers with R > r + 1. A cut-off function ϕ associated to the region CR,r(q) = {x ∈ V :
r  ρ(x,q) R} is a function ϕ : V → [0,1] satisfying the following requirements:
(1) ϕ(x) = 1 when ρ(x,q) r and ϕ(x) = 0 when ρ(x,q) R;
(2) For every vertex x ∈ V , ‖∇ϕ‖(x) cR−r with constant c > 0.
Let ϕ be a cut-off function associated to CR,r(q). Then for any g ∈ V R ,∑
BR (q)
∑
y∼x
[
g2(x) + g2(y)][ϕ(y) − ϕ(x)]2  2 ∑
BR (q)
g2(x)
∑
y∼x
[
ϕ(y) − ϕ(x)]2 [7], (2.1)
∑
BR (q)
dxϕ
2(x)g2(x) = −1
2
∑
x∈BR (q)
∑
y∼x
(
ϕ2(y) − ϕ2(x))(g2(y) − g2(x)). (2.2)
To obtain (2.2), we notice that ϕ(y) = 0 for any y with ρ(q, y) R , therefore
−1
2
∑
x∈BR (q)
∑
y∼x
(
ϕ2(y) − ϕ2(x))(g2(y) − g2(x))
= 1
2
∑
x∈BR (q)
ϕ2(x)
∑
y∼x
(
g2(y) − g2(x))− 1
2
∑
y∈BR (q)
ϕ2(y)
∑
x∼y
(
g2(y) − g2(x))
=
∑
x∈BR (q)
ϕ2(x)
∑
y∼x
(
g2(y) − g2(x))= ∑
BR (q)
dxϕ
2(x)g2(x).
Suppose u(x) is a harmonic or positive subharmonic function on G , then
‖∇u‖2(x) dx · u2(x). (2.3)
To obtain (2.3), we notice that if u(x) is harmonic or positive subharmonic, then
u(x)
[∑
y∼x
u(y)
]
 dx · u2(x),
therefore, we have
‖∇u‖2(x) =
∑
y∼x
[
u(y) − u(x)]2
=
∑
y∼x
u2(y) − 2u(x)
∑
y∼x
u(y) +
∑
y∼x
u2(x)

∑
u2(y) − 2dx · u2(x) + dx · u2(x) =
∑[
u2(y) − u2(x)]= dx · u2(x).
y∼x y∼x
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BR (q)
ϕ2(x)
∑
y∼x
[
u(y) − u(x)]2  ∑
BR (q)
dxϕ
2(x)u2(x)
= −1
2
∑
BR (q)
∑
y∼x
(
ϕ2(y) − ϕ2(x))(u2(y) − u2(x)). (2.4)
We square (2.4) and apply Cauchy–Schwartz inequality to get the following:{ ∑
BR (q)
ϕ2(x)
∑
y∼x
[
u(y) − u(x)]2
}2
 1
4
{ ∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) − ϕ2(x))(u2(y) − u2(x))
}2
= 1
4
{ ∑
x∈CR,r(q)
∑
y∼x
[(
ϕ(y) + ϕ(x))(u(y) − u(x))][(ϕ(y) − ϕ(x))(u(y) + u(x))]
}2
 1
4
{ ∑
x∈CR,r(q)
(∑
y∼x
(
ϕ(y) + ϕ(x))2(u(y) − u(x))2
)1/2
·
(∑
y∼x
(
ϕ(y) − ϕ(x))2(u(y) + u(x))2
)1/2}2

{ ∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
}
·
{ ∑
x∈CR,r(q)
∑
y∼x
(
u2(y) + u2(x))(ϕ(y) − ϕ(x))2
}

{ ∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
}
·
{ ∑
x∈BR (q)
∑
y∼x
(
u2(y) + u2(x))(ϕ(y) − ϕ(x))2
}
.
It follows from (2.1) and (2) of Deﬁnition 1 that{ ∑
BR (q)
ϕ2(x)
∑
y∼x
[
u(y) − u(x)]2
}2

{
2
∑
x∈BR (q)
u2(x)
∑
y∼x
(
ϕ(y) − ϕ(x))2
}
·
{ ∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
}
 2c
2
(R − r)2
{ ∑
x∈BR (q)
u2(x)
}
·
{ ∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
}
,
where
∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2 = ∑
x∈CR,r(q)
[ ∑
y∼x,y∈BR (q)
+
∑
y∼x,y /∈BR (q)
]
.
In fact, for x ∈ BR(q) and y /∈ BR(q) with y ∼ x, we have
ρ(x,q) = R, ρ(y,q) = R + 1 and ϕ(x) = ϕ(y) = 0,
which implies
∑
y∼x,y /∈BR (q)(ϕ
2(y) + ϕ2(x))(u(y) − u(x))2 = 0, i.e.,
∑
x∈CR,r(q)
∑
y∼x
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
=
∑
x∈CR,r(q)
[ ∑
y∼x,y∈BR (q)
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
]

∑
(x,y)∈BR (q)×BR (q)
x∼y
(
ϕ2(y) + ϕ2(x))(u(y) − u(x))2
 2
∑
ϕ2(x)
∑ (
u(y) − u(x))2
x∈BR (q) y∼x,y∈BR (q)
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∑
x∈BR (q)
ϕ2(x)
∑
y∼x
(
u(y) − u(x))2.
Therefore,{ ∑
x∈BR (q)
ϕ2(x)
∑
y∼x
(
u(y) − u(x))2
}2
 4c
2
(R − r)2
{ ∑
x∈BR (q)
u2(x)
}
·
{ ∑
x∈BR (q)
ϕ2(x)
∑
y∼x
(
u(y) − u(x))2
}
.
We have
∑
x∈BR (q)
ϕ2(x)
∑
y∼x
(
u(y) − u(x))2  4c2
(R − r)2
∑
x∈BR (q)
u2(x). (2.5)
Let R = 2r. Since ϕ(x) = 1 when ρ(x, y) r, (2.5) implies
∑
x∈Br(q)
∑
y∼x
(
u(y) − u(x))2  4c2
r2
∑
z∈B2r(q)
u2(z). (2.6)
It means for any w ∈ Br(q),
‖∇u‖2(w) 4c
2
r2
∑
z∈B2r(q)
u2(z). (2.7)
Let R = 2r = 6λ.
Suppose vertices a,b ∈ Bλ(q), then ρ(a,b) 2λ. As a result, there are vertices w0 = a, w1, . . . ,wρ(x,y) = b in B3λ(q) =
Br(q) such that wi ∼ wi+1 for all i. It follows from the gradient estimate (2.7) that
∣∣u(a) − u(b)∣∣ 2c
[
1
(3λ)2
∑
z∈B6λ(q)
u2(z)
]1/2
· ρ(a,b), (2.8)
for any a,b ∈ Bλ(q). Here, we let
ϕ(x) =
⎧⎨
⎩
1, if ρ(x,q) r;
R−ρ(x,q)
R−r , if r  ρ(x,q) R;
0, if ρ(x,q) R.
Then
‖∇ϕ‖(x)
√
d
R − r , (2.9)
where d = supx∈V dx < ∞. That means c =
√
d in this case, which implies
∣∣u(a) − u(b)∣∣ 2
3
√
d
[
1
λ2
∑
z∈B6λ(q)
u2(z)
]1/2
· ρ(a,b), (2.10)
for any a,b ∈ Bλ(q). This completes the proof of Theorem 1.
3. Non-global Lipschitz property of harmonic function
This section is devoted to construct a harmonic function which is not Lipschitz.
In the graph (see Fig. 1), there are vertices x, y, {xi1 i2···in : n  1 and i1i2 · · · in ∈ {1,2}n} and {yi1 i2···in : n  1 and
i1i2 · · · in ∈ {1,2}n}, where each vertex has three neighbors.
The vertex x has 3 neighbors y, x1 and x2. By induction, for n  1, xi1···in−1 in has 3 neighbors xi1···in−1 and xi1···in1 and
xi1···in2, and yi1···in−1 in has 3 neighbors yi1···in−1 and yi1···in1 and yi1···in2.
Let a = (3+ √5 )/2> 1, then
(a + 1/a)/3 = 1. (3.1)
On this tree, we can deﬁne a harmonic function f which is not global Lipschitz (see Fig. 2).
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Fig. 2. Harmonic function on the tree.
Let f (x) = 1, f (x1) = a, f (x2) = 0, f (y) = a−1, f (y1) = f (y2) = (3a−1 − 1)/2. For any n 1, we write [1]n = 1 · · ·1︸ ︷︷ ︸
n
and
let
f (x[1]n) = an and f (x[1]n2) = 0. (3.2)
On the other vertices of tree, we obtain values of f by induction, for example, assume that f (xi1···ik ) and f (xi1···ik−1 ) have
been deﬁned, we let
f (xi1···ik1) = f (xi1···ik2) =
3 f (xi1···ik ) − f (xi1···ik−1)
2
; (3.3)
similarly, assume that f (y j1··· jk ), f (y j1··· jk−1 ) have been deﬁned, we let
f (y j1··· jk1) = f (y j1··· jk2) =
3 f (y j1··· jk ) − f (y j1··· jk−1)
2
. (3.4)
Here dx = 3 for any vertex x. By (3.1)–(3.4), we have
3 f (x) =
∑
y∼x
f (y), (3.5)
which implies that f is harmonic on the graph.
We notice that∣∣ f (x[1]n) − f (x[1]n−1)∣∣= (a − 1)an−1 → ∞. (3.6)
That means f is not a global Lipschitz function.
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